CATEGORIFICATION OF THE SKEIN MODULE OF 

TANGLES 

MARTA M. ASAEDA, JOZEF H. PRZYTYCKI, AND ADAM S. SIKORA 

Abstract. We generalize our previous work on categorification of Kauff- 
man bracket skein module of surfaces, by extending our homology to 
tangles in cylinders over surfaces, F x [0, 1]. Our homology of 0-tangles 
and 1-tangles in D 3 coincides (up to normalization) with Khovanov link 
homology and the reduced Khovanov link homology. 

We prove the basic properties of our homology. In particular, the 
short exact sequence of homologies of skein related tangles and the 
Kunneth formula for the tensor product of tangles. 



1. Introduction 

In this paper we apply the ideas of jAPSj to define "Khovanov like" ho- 
mology of tangles in cylinders over surfaces. 

A marked surface is an oriented compact surface, F, together with a distin- 
guished finite set of "marked" points B in the boundary of F. A framed tangle 
in the cylinder over a marked surface (F, B) is a finite disjoint union of em- 
bedded bands, b : [0, 1] X [0, 1] F X (— 1, 1), and of annuli, a : S 1 x [0, 1] 
F x (-1,1), such that for any band b, 6([0, 1] x [0,1]) n dF x (-1,1) = 
b([0, 1] x {0}) U 6([0, 1] x {1}). Neither the bands nor annuli are oriented. 
However, we assume that all bands in a tangle have an integral framing. The 
midpoints of the arcs 6([0, 1] x {0}), 6([0, 1] x {0}) are called the endpoints 
of T and we assume that the set of endpoints of T coincides with the set 
of marked points of F. Each tangle T is represented by a tangle diagram 
composed of closed loops and arcs in F which represent the cores of annuli 
and of bands of T with blackboard framing. Therefore, each tangle dia- 
gram is a compact 1-manifold D properly embedded into F and such that 
D n dF = B. Since tangles are considered up to an ambient isotopy fixing 
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their endpoints, two tangle diagrams are equivalent if they differ by second, 
third, and balanced first Reidemeister moves. 



We denote the set of all tangles in the cylinder over marked surface (F, B) 
by T(F,B). Additionally, we denote the set of all diagrams of tangles in 
T(F, B) with no crossings and no contractible closed loops by B(F, B). Since 
different diagrams in B(F, B) represent non-isomorphic tangles, B(F, B) C 
T(F, B). Note that B(F, 0) is the set of all finite collections of non-intersecting 
nontrivial simple closed loops in F considered up to homotopy (including 
the empty collection). Observe also that if B C dD 2 is a set of 2n points 
then B(D 2 ,B) has the n-th Catalan number of elements, ^x( 2 ^)- 

For any tangle T in T(F,B) we define homology groups Hij s (T), for 
i, j £Z and s G B(F, B), which are invariant under isotopies of T and which 
generalize the homology groups of |APSj . Its properties are discussed in 
Sections |3] and 0J 



Let B'(F,B) C B(F,B) be the set of all tangle diagrams in F with no 
closed loops. Consequently, diagrams in B'(F, B) are composed of non- 
intersecting arcs only. Let C{F) be the set of all unoriented non-contractible 
simple closed curves in F considered up to homotopy. By separating arcs 
from closed loops in a tangle, we embed B(F,B) into NC(F) x B'(F,B), 
where N = {0, 1, 2, ...}. We are about to define homology groups of tangles 
T in T(F,B), # M>ifc (T), indexed by i,j G Z, s G ZC(F) and b G B'(F,B). 
The following proposition is proved at the end of Section 01 

Proposition 1. (1) H^j^^T) is isomorphic to H^ j^^T), where \s\ = 
E 7 Kl • 7 for s = J2-y s-y " 7 in I£(F). 

(2) H itjt]s \ jb (T) = if(\s\,b) G NC{F) x B'(F,B) does not lie in the image 



Corollary 2. Alternatively, our homology groups can be indexed by i,j 6Z 
and s G B(F,B) (as promised in the introduction). 

Nonetheless, indexing by s G ZC(F) and b G B'(F,B) is useful for techni- 
cal reasons. 

Consider a tangle diagram D in F whose crossings are ordered by consec- 
utive integers 1,2, ... Following |Vil| lAP^j . a state S of D is an assignment 
of + or — sign to each of the crossings of D and an additional assignment of 




Fig. 1: Balanced first Reidemeister move 



2. Definition of Homology 



°f B(F,B). 
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+ or — sign to each closed loop in the diagram D$ obtained by smoothing 
the crossings of D according to the following convention: 

X 

+1 marker -1 marker 

(Note that arcs of Dg do not carry any labels.) Our construction of the 
chain complex associated with D is analogous to that of APS : 
For any state S of D let 

I(S) = ^{positive crossing markers} — ^{negative crossing markers}, 
J(S) = I(S) + 2${positive contr. circles} — 2${negative contr. circles}, 

where "contr" stands for "contractible" . 

Let &(S) be an element of B(F,B) obtained from D$ by removing all 
closed loops. Denote the non-contractible loops in D$ by 71, j n . If these 
loops are marked by E\, ...,e n € {+1, —1}, then let 

^) = ^ ei7! G2C(F), 

i 

cf. HEH]. 

Let Sij iS! b(D) be the set of all states S of D with I(S) = i, J(S) = j, 
ty(S) = s, and 3>(5) = b. Let Cij iSt b(D) be the free abelian group generated 
by states in Sij jSi b(D). We define the incidence number between states fol- 
lowing [ATS1 Definition 3.1]: 

[S : S'] v = 1 if the following four conditions are satisfied: 

(1) the crossing v is marked by + in S and by — in S', 

(2) S and S' assign the same markers to all the other crossings, 

(3) the labels of the common circles in S and S' are unchanged, 

(4) J(S) = J(S'), <&(S) = *(S"), $(S) = $(5'). 

Otherwise [S : S'] v is equal to 0. 

The types of incident states at a crossing v which involve loops only are 
listed in A PS Table 2.1]. The only two other types of incident states are 
as follows: 

S => S' S => S' 

Fig 2. Incident states involving arcs 

The labeled loops appearing in this diagram are contractible. 
Let t(S,v) denote the number of negative markers assigned to crossings 
bigger than v. Then 

di,j,s,b '■ CjJ,s,fe(-D) — ► Ci-2,j,s,b{D) 
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is defined by 

V 

where 

di,j,s,b,v(S) = 'y ~] [S ■ S ] V S , 

and the sum is over all states of D. Clearly, it is enough to consider states 
in Si-2j tS ,b(D) only. As in jAPSj . d has degree —2 with respect to the 
first index. Note also that C7j***(.D) = for % not equal to the number of 
crossings of D mod 2. 

Remark 3. For any link diagram D in a surface F, (<S* * * q(D), d) is the 
chain complex introduced in |APS| . 

In the next section we will prove: 

Proposition 4. For any marked surface (F,B) and T € T(F,B), d 2 = 0. 

Therefore for any abelian group G, (C*,- s b(-D) <8> G,d* t j s b) is a chain 
complex whose homology groups we denote by H+ j g^D; G), as usual ab- 
breviating Hi i j iSi b(D;Zi) to Hij iS ^(D). By the argument of |APS1 Sec. 10.1], 
Hij jS ,b(D; G) does not depend (up to isomorphism) on the ordering of cross- 
ings of D. 

3. Embeddings into surfaces, Reidemeister moves 

Let (F, B) and {F 1 , B') be marked surfaces with equal numbers of bound- 
ary components, such that there is a preserving orientation homeomor- 
phism (ft : dF — > dF' mapping B onto B'. Then for any b £ B'(F,B) and 
b' € B'(F' , £>'), bUfpb' is a disjoint union of simple closed curves in the closed 
surface F F' . We leave the proof of the following easy statement to the 
reader. 

Lemma 5. For any marked surface (F, B) and any b € B'(F, B) there is 
a marked surface (F',B'), b' G B'(F',B') and a homeomorphism (ft : dF — > 
dF' as above such that the components of b b' are not homotopic to any 
loops in F and are not homotopic one to another. 

Let (F, B), (F', B'), b £ B'(F, B),b' £ B'(F, B) satisfy the assumptions of 
LemmaEland let c be a state of b b'. For any T £ T(F, B) and its state 
S G <Sjj jSi &(T), let A(5) € <Sjj jS+Cj 0(T b') be the state S b' obtained by 
labeling the loops of b b' as in c. 

Lemma 6. A extends to an isomorphism 

A : Cij )St b(T) — ► Cjj )S+Ci 0(T U<£ 6') 

commuting with the differentials. 

Proof. A is 1 — 1 since no loops in b b' are homotopic to each other nor 
are homotopic to loops in s. Obviously, A is onto as well. Since states 
S, S' € C# t j jSt b(T) are incident if and only if S b' and S' b' are incident, 
the statement follows. □ 
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Since by Remark|31 C* j tS+c ^{TVJ ( j ) b') is a chain complex, LemmalHlimplies 
Proposition and, together with (7) of |APSj . it implies Proposition 
Now, Lemma El and |APS| Theorem 2] imply 

Theorem 7. Leti,j G Z, s G r LC{F), D be a diagram of a tangle inT(F, B), 
b G B'(F, B), 

(1) If D' is related to D by the first Reidemeister move consisting of adding 
a negative kink to D then Hi^^ s ^{D') = Hi_ij_2,,s,b{D)- 

(2) Hi j iSi i,(D) is invariant (up to an isomorphism) under the second and 
third Reidemeister moves. 

Additionally, by Lemma for any diagram D of a tangle in T(F, B) 
the groups Hij^ ^D) coincide with stratified homology groups Hij tS+c (D) 
defined in |APSj for the link diagram D = D U^b' constructed above. 

Further properties of our homology groups are described below. From 
now on we index our homology groups by i,j G Z and b G B(F,B), as 
proposed in Corollary [21 



4. Properties 

4.1. Twisting the endpoints. For any tangle T G T(F, B) and any com- 
ponent C C dF let Ac(T) denote a tangle obtained from T by shifting its 
endpoints in C counterclockwise by one: 




Note that A n (T) = T for T G T(F, B) if \B\ = n and F = D 2 , but not nec- 
essarily for other surfaces. In any case, we have H it j >Si b(T) = i?j JiSj wj)(A c (r)). 



4.2. Short exact sequence. Any three skein related tangle diagrams in F 

X 

D 

OO 

define a short exact sequence 



(1) —* C^jsbiDoc) A C* i j_i jSj fc(L'p) C*j-2,s,&(A)) —> 

where the maps a : Cij>,ft(-Doo) - > Q-i ,j-i,s,fe(-P p ) and : Ci t j-i )S ,b(Dp) -» 
Cj-ij-l lS) 6(-Do) are defined as in |APS1 Sec 7]. This sequence leads to the 
long exact sequence 
(2) 

... — > Hij^friPoo) -4 Hi-ij-i t3 fi(Dp) -4 Hi_ 2 ,j-2,s,b(Do) — > -f/i_2J,s,b(Ax>) ~ 
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4.3. Categorification of the skein modules of tangles. Formal Z[ J 4 ±1 ]- 
linear combinations tangles in T(F, B) quotiented by the skein relations of 
the Kauffman bracket 

V=^X+^ 1 )(' LUQ = -{A 2 + A- 2 )L, 



form the relative Kauffman bracket skein module S(F,B), cf. [Prj . The set 
B(F,B) forms a natural basis of S(F,B). For any tangle T € T(F,B), we 
denote its coordinates in this basis by (T)&, b £ B(F,B). Hence 

T= Y, (T) b beS(F,B). 

beB{F,B) 

Let xa(H**) denote the polynomial Euler characteristic of a bigraded group 
H** defined as in |APS1 Sec 1]: 



(3) Xa(H**) = Y,A j (-^rkH, 



j— i 

,•/■// 



In the following proposition we index our tangle homology groups by 
i,j £ Z and b € B(F, B) as in Corollary [2 

Proposition 8. For any T G T(F, B) and b € B(F, B), XA(H**b{T)) = (T) b 
Proof. By definition 



/ 



' \ = A (X A + A ^ ()<),' ( L U 0>6 = -(A 2 + A" 2 ) (L) b , 



and, by (J2J), analogous identifies hold for XA{H**b{T)). Therefore, it is 
enough to assume that the tangle diagram T has no crossings and no trivial 
components. Under these assumptions T € B'(F,B) and 

XA{H^ b (T)) = XA(C**b(T)) = rkC ,o,b(T) = 5 b ,T = {T)b, 

where 5b t = i D 
otherwise. 



4.4. Reduced Link Homology. For any link diagram L with a specified 
one of its components, Khovanov defined its reduced homology, Hij(L), K3, 
IShj . His construction has the following interpretation in our setting: If L' 
is a 1-tangle obtained by cutting L at an arbitrary point of its specified 
component and its endpoints are p\ and p2, then Hij(L) is isomorphic (up 
to normalization of indices) to Hij t0l (L'), where a is the unique element of 
B(D 2 , {pi,p2}). Since different cutting points on a given component of a 
link give isomorphic 1-tangles, we get another proof that Hij(L) does not 
depend on the choice of the cutting point on the distinguished component 
L. 
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4.5. Tensor product of tangles. Consider a decomposition of a disk D 2 
into two disks D\ , D 2 by a properly embedded arc whose endpoints are 
disjoint from a finite set B C dD 2 . Let B 1 = B n dD ± and B 2 = B D dD 2 . 
In this situation, a union of tangles Tj € T(Di,Bi), i = 1,2, is a tangle in 
T (L> 2 , B) which we denote by Ti <g> T 2 . 




Ti T 2 Ti ® T 2 

Fig. 3: A tensor product of tangles. 
Note that T\ ® T 2 is not well defined for tangles Tl,T 2 in disjoint disks, 
since several ways of gluing of these disks are possible. This issue is irrelevant 
however in the calculation of homology of T\ (g>T 2 . To see that, observe first 
that if Ti € T(D il B i ), i = 1,2, then 7T** s (Ti <8> T 2 ) = unless s = si <8> s 2 
for some si € B(D\, B\), s 2 € 6(-D 2 , B 2 ). If s = si s 2 then si and s 2 are 
unique and C** s (Ti <8>T 2 ) is the tensor product of (filtered) chain complexes, 
C** Sl (Ti) and C** S2 (T 2 ). By the Kiinneth formula we have a short exact 
sequence 

- H h,h,sATi) ® H i2j2 , S2 (T 2 ) -> iZ^CTi ® T 2 ) -> 

i l+ i 2= i . 
31+32=0 

(4) - T O r(^ lJliSl (T 1 ),B i2j2)S2 (T 2 ))^0 

i^+i 2 — 1? 
31+32=3 

which is non-canonically split. In particular the homology groups of T\ ® 
T 2 are determined by the homology groups of T\ and T 2 . 

4.6. Reduced tensor products of tangles. Again, consider a decompo- 
sition of a disk D 2 into two disks D\, D 2 by a properly embedded arc whose 
endpoints are disjoint from a finite set B C dD 2 . Let p be a selected point 
inside that arc and let B x = B n 3L>i U {p} and B 2 = B n 9-D 2 U {p}. In this 
situation, union of tangles Tj G T(Di,Bi), % = 1,2, is a tangle in T(D 2 ,B) 
which we call a reduced tensor product of Ti and T 2 and denote by Ti <8>i T 2 . 




Fig. 4: A reduced tensor product of tangles 
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As for tensor products, the homology groups of reduced tensor products 
Ti ®i T 2 are related to homology groups of T\ and T 2 by Kiinneth formula. 
As before, if H** s (Ti ®i T 2 ) 7^ then s = s\ (8>i s 2 for unique Sj € B(Di, Bi), 
i = 1,2. In this situation C** s (Ti (8)1 T2) is the tensor product of (filtered) 
chain complexes C** sl (Ti) and C** S2 (T2) inducing a non-canonically split 
short exact sequence 

(5) - r or (i?- ilJl)S1 (r 1 ) )J ff i2)i2)S2 (r 2 ))^o 

+12 — i — 1, 

4.7. Open questions and final comments. If T is union of tangles Ti, T 2 
with more than a single pair of their endpoints identified then the depen- 
dence of homologies of Ti, T 2 and T is far more complicated. In the simplest 
case, when T 2 is a 1-tangle composed of a single arc whose endpoints are 
identified with two consecutive endpoints of Ti , one can construct a spectral 
sequence converging to if***(T) whose E 2 term is composed of homology 
groups of T\ . 

Given a tangle T in [0, 1] x [0, 1] with specified top 2n and bottom 2m 
points, Khovanov constructed homology groups TLi j(T), which are invariant 
under isotopies of T. Additionally each such group is an (H n , ff m )-bimodule 
for certain rings H n , H m defined in |K2l Uaj . As groups, TiijiT) are sums of 
Khovanov homology groups Hij(L) over all links L which are plat closures 
of T. (A plat closure of T is a link obtained by closing its 2n top points 
by n non-intersecting arcs and, analogously, its 2m bottom points by m 
non-intersecting arcs.) We expect that for any tangle T there is a spectral 
sequence converging to TL*j(T) whose summands of E 2 are sums of certain 
groups Hij s (T). We do not know if there is a more explicit relation between 
Khovanov's and our homology groups. Nor we can interpret the bimodule 
structure of Khovanov's groups in our setting. 

There is a parallel theory of tangle homologies due to D. Bar-Natan. 
At present time we do not know the relation between his and our tangle 
homologies. 
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